Introduction
ACKSTEPPING is a popular nonlinear control design technique [1, 2] . It hinges on using a part of the system states as virtual controls to control the other states. Generating a family of globally asymptotically stabilizing control laws is the main advantage of this method that can be exploited for addressing robustness issues and solving adaptive problems. The term backstepping refers to the recursive nature of the control design procedure where a control law as well as a control Lyapunov function is recursively constructed to guarantee stability. Backstepping has been considered for the spacecraft slew maneuvers [3, 4] . The cascaded structure of spacecraft kinematics and dynamics makes the integrator backstepping a preferred approach for the spacecraft attitude maneuver problem resulting in smooth feedback controls [5] . However, the typical control actuators used for this problem such as reaction wheels, control moment gyros or thrusters, have an upper bound on the control torque they can exert onto the system and the simple or conventional backstepping control method may result in excessive control input beyond that saturation bound. The issue has been addressed in the literature using other control methodologies like nonlinear PID control [6] , Lyapunov-Optimal control [7] and variable structure control [8] [9] [10] [11] .
In this work, we design a nonlinear backstepping attitude controller using the inverse tangent based tracking function [4] and a family of augmented Lyapunov functions [12] . Using this control law, we derive an analytical upper bound of the control torque norm. The bound is effectively used to tune the control parameters so that for the given settling time specification the upper bound of the control input is minimized. The performance of the proposed controller has shown improvements in minimizing the peak control torque and the settling time.
The rest of the note is organized as follows: Firstly, the kinematics and dynamics of rigid spacecraft are summarized. Secondly, the details of the design procedure for the proposed controller and the analytical bounds for the control torque components are given. Thirdly, the efficacy of the proposed scheme is demonstrated by the numerical simulations for the cases of attitude stabilization and tracking both. Finally, the conclusions are presented.
Rigid Spacecraft Attitude Motion
First, we introduce various frames which will be used in the following developments. Spacecraft is assumed to be a rigid body and three mutually perpendicular axes fixed in the spacecraft define a body frame B with origin at the center of mass of the spacecraft. Spacecraft is assumed to be equipped with the actuators which can provide torques about the axes of the body frame B. Let N be an inertial frame. The orientation of the body frame B with respect to the inertial frame N is represented by the quaternion v 4
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. Here, ℜ is the real number set. The reference frame corresponding to the commanded motion is denoted by R and its attitude with respect to the inertial frame N is specified by the quaternion 
Let P represent the spacecraft principal-axis frame. We choose to define a pseudo-reference frame R which is rigidly connected to the reference frame R and is misaligned with it in the same way as the principal-axis frame P with the body frame B. The attitude tracking error is taken as v 4
which is the quaternion representing the attitude of the principal-axis frame P relative to the pseudo-reference frame R. If S denotes the direction cosine matrix of the principal-axis frame P relative to the body frame B then With the mentioned choice for the definition of attitude tracking error, the coincidence of the principal-axis frame P with the pseudo-reference frame R makes the body frame B align to the reference frame R . A graphical description of all the aforesaid frames is available as Fig. 2 . The equations of rotational motion of the spacecraft are given by [13] (2) [ ] Equations (5) and (7) can be used to write the tracking error dynamics equation as
for ( , , ) Id i j k ∈ . Finally, the attitude tracking control objective becomes the regulation of
Control Design and Torque Bound
The candidate Lyapunov function for the kinematics subsystem stabilization is t is the initial time [15] . Next, the function V is augmented with the dynamics part of the system as follows [12] 
where ( ) Ω ⋅ is a class κ ∞ function, i.e. it is zero at zero, strictly increasing and becomes unbounded as its argument increases to infinity [12] . The time derivative of the overall Lyapunov function U yields 
for ( , , ) Id i j k ∈ , where g is a positive constant. Now, for the closed loop system, the attitude tracking control
is achieved 'almost' globally and asymptotically as Eq. (16) is negative semidefinite. The standard terminology of 'almost' global stability for this problem means stability over an open and dense set in the set of the special group of rotation matrices that describe spacecraft orientation in three dimensions SO(3) [16, 17] . This is because of the well-known fact that SO (3) is not a contractible space and, hence, the quaternion-based controllers do not offer globally continuous stabilizing formulations [18, 19] .
Note that by equating Eqs. (15) and (16) we can find the time derivative of U V − as given below which is subject to the condition that the control input is given by Eq. (17): 
The control torque components bounds given by Eq. (24) can be used to calculate the bound for Euclidean-norm 2 T . Moreover, the direction cosine matrix S mentioned in the previous section can be used to calculate B T from T however this transformation does not affect the bound for the Euclidean-norm of control torque.
Numerical Simulation Stabilization Case
If the reference frame R coincides with the inertial frame N i. adequate performance despite the fact that it has a much simpler form than the one in [4] , which uses additional switching parameters to obtain the robustness with respect to the inertia uncertainty. Moreover, as summarized in Table 1 , it shows better performance when compared with the other existing methods in [3, 20, 21] .
The bound given by Eq. (26) is very conservative where it is about 25 times bigger than the actual maximum torque. This is caused by the short desired settling time as the corresponding control parameters become large to achieve that specification. Moreover, in this case, only one parameter, η , has been tuned. If all the five parameters in the bound, i.e. , , , and s g α β η , are simultaneously used for lowering the bound, the bound will be less conservative. To demonstrate this, the following optimization problem is solved using the sequential quadratic The conservativeness of the upper bound is significantly reduced, i.e., from 25 times to just over 8 times bigger than the actual maximum torque. Moreover, the optimized bound guarantees that the actual control torque never exceeds the bound with the condition that 0 ( ) i e t is less than or equal to the value for the current scenario.
It is noteworthy to compare the obtained value of the analytical torque bound even with the simulation values of the peak control torque mentioned in Table 1 where it is almost twice the one for [20] and is less than the ones by [3, 4, 21] . Here, the linear version of the backstepping controller by [4] is being compared with. Moreover, in this study we have exploited the integrator backstepping design methodology for developing analytical bound for the control torque with the control law given by Eq. (19) being similar in shape to the one already existing in the literature [17] .
The methodology can be turned to further advantage by exploiting it to avoid the cancelation of 'good' nonlinearities, if any, in the system. It may be helpful to decrease both the peak control torque from the simulation and its analytical bound. As we used a simple local optimization algorithm, the bound may also be improved further with some global optimization techniques.
In the above numerical example, the body axes and the principal axes of the spacecraft are taken as coincident.
Otherwise, one can always find the inertia matrix about the principal axes and proceed as mentioned above. Later, the results can be transformed back to the body axes employing the transformation matrix S however it does not change the findings regarding the bound for the Euclidean norm of the control torque.
Tracking Case
In this subsection, we carry out the numerical simulation of the tracking attitude maneuver in order to demonstrate the proposed control law. The diagonal inertia matrix of the spacecraft has the same entries as considered for the stabilization example. The open-loop reference maneuver is a smoothed near-minimum-time maneuver starting at rest but having a certain angular velocity at the end of the maneuver as desirable for landmark tracking [7, 22] . 
Conclusion
We addressed the issue of reducing the peak control torque for the attitude maneuver problem of a spacecraft by introducing a new positive constant gain within the framework of conventional integrator backstepping based control design. The bounds for the control torque components are derived analytically as a function of the initial tracking error and the gains involved in the control design procedure. The proposed controller has been shown to perform adequately in the numerical simulations. Also, we demonstrated that the analytical bound can be used for reducing the guaranteed maximum torque upper bound. 
